ABSTRACT In management decisions, situations frequently occur when the decision makers need to allocate some amount of fixed cost among a group of decision-making units (DMUs). In this paper, we propose an approach for allocating fixed cost among a group of DMUs based on the utility and data envelopment analysis (DEA) common-weight evaluation framework. First, we give the definition of utility of a DMU to a set of fixed cost allocation and common weights' selection result. Then, an approach, which contains a max-min model and an algorithm, is given for fixed cost allocation and common weights reselection of the DMUs. Specifically, the max-min model aims to generate for the DMUs the fixed cost allocation and common weights selection result that maximizes the minimum utility among all the DMUs. In addition, the algorithm is given to solve the max-min model linearly. Compared with the other fixed cost allocation approaches, our proposed approach not only has the ability to maximize the utilities of all the DMUs and guarantee the Pareto optimality of the utilities but also ensures the uniqueness of the fixed cost allocation and common-weight selection result. Finally, the proposed approach is applied for a real case study of allocating advertising expenditure among dealers of a car manufacturer.
I. INTRODUCTION
Data envelopment analysis (DEA) is a non-parametric method for relative performance evaluation of a group of homogenous decision-making units (DMUs) in which multiple inputs are consumed to produce multiple outputs [1] - [3] . The first DEA model was proposed by Charnes, Cooper, and Rhodes (CCR) [1] , called CCR model. In this model, each DMU uses its favorable set of input and output weights to maximize its ratio of sum of weighted outputs to the weighted inputs while keeping the other DMUs' such ratios, generated by this set of weights, no larger than 1. The obtained maximum ratio for each DMU is regarded as its efficiency score, and a DMU is said to be DEA efficient if its efficiency score is 1. Because DEA has the good ability in identifying the best practice frontier and it does not require previous determined restrictions on the input and output weights, it has been widely applied for benchmarking and ranking of the DMUs and extended for applications like resource allocation [4] - [6] , mergers and acquisitions (M&As) [7] , [8] , eco-efficiency
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analysis [9] , [10] , network system analysis [11] - [17] and allocation of emission permits [18] - [20] .
Among all the extensions and applications of DEA, fixed cost allocation is one of the most important and widely studied ones. The main researches of fixed cost allocation based on DEA can be divided into two groups. The first group of researches uses the two principles of efficiency invariance and Pareto-minimality. Cook and Kress [2] firstly incorporated DEA for fixed cost allocation. They believed that a reasonable fixed cost allocation result should have the properties that the fixed cost allocation does not make variance to the efficiency scores of the DMUs (efficiency invariance) and no cost can be transformed from one DMU to another DMU (Pareto-minimality) while insisting the efficiency invariance principle. They then regarded the allocated cost as a new input and proposed an equitable fixed cost allocation model. Jahanshahloo et al. [21] pointed out by a numerical example that the Pareto-minimality principle is violated in Cook and Kress's [2] approach. They further proposed to allocate the fixed cost based on each DMU's ratio of sum outputs to the total sum inputs of all the DMUs. Cook and Zhu [22] also pointed out that Cook and Kress's [2] approach cannot directly determine a cost allocation for the DMUs. They further proposed new fixed cost allocation models by extending Cook and Kress's [2] model with different model orientations. Lin [23] pointed out that Cook and Zhu's [22] models may have no feasible solution when some special constraints are added. They further extended the model of Cook and Zhu [22] to ensure that the model always has feasible solution. Lin [24] proposed a new fixed cost allocation model which can reflect the DEA efficiencies and the input-output scales for all the DMUs. More recently, Jahanshahloo et al. [25] gave two DEA fixed cost allocation methods based on efficiency invariance and common set of weights principle.
The other group of studies proposed to use common weights to evaluate the DMUs. Most of these studies use the principle that all the DMUs should be evaluated as efficient by the set of common weight after fixed cost allocation. Beasley [26] firstly proposed that the fixed cost allocation should ensure that all the DMUs should be efficient. Because his uncertainty in whether there is always feasible solution to the ''all efficient with a set of common weights'' assumption, he further gave a non-linear DEA model accompanied some extra constraints to identified a unique set of fixed cost allocation result. Si et al. [27] proved that Beasley's [26] ''all efficient with a set of common weights'' assumption is always true. They further proposed a model which minimizes gaps on the allocated costs among all the DMUs. Li et al. [28] introduced the concept of satisfaction degree of a DMU to a set of fixed cost allocation result. They gave a max-min model which can be used to maximize the minimum satisfaction degree among all the DMUs to the final optimal fixed cost allocation result. Further, an algorithm was provided to ensure the uniqueness of the fixed cost allocation result. Du et al. [29] proposed a fixed cost allocation method based on cross-efficiency evaluation. They gave an iteration approach to gradually improving the efficiencies of the DMUs and finally generated the fixed cost allocation result and a set of common weights which ensures every DMU has the efficiency score 1.
The above researches generally considered the fixed cost as a new input when evaluating efficiencies for the DMUs. There are also some researches which regard the fixed cost as a complement of one of the current inputs. For example, Li et al. [30] believed that the models will be definitely different when the fixed costs to be allocated may be the complement of the other input. They then investigated the relationship between the allocated cost and the efficiencies scores of the DMUs. Further they give a centralized fixed cost allocation model based on supper-efficiency evaluation. In this paper, we also consider the situation in which the fixed cost is regarded as a complement of one of the current inputs.
We incorporate the concept of utility of each DMU to a set of common weights and fixed cost allocation results. Then, a max-min model is proposed to obtain the fixed cost allocation result by maximizing the minimum utility among all the DMUs. Further, an algorithm is provided to solve the max-min model linearly. Our approach not only has the ability of maximizing the utilities of all the DMUs in fixed cost allocation but also guarantees the uniqueness of the fixed cost allocation result.
The rest of this paper is presented as follows. Section 2 gives the preliminaries in which we introduce the DEA common-weight evaluation approach, the common weights and fixed cost allocation possibility set, and the concept of utility. In section 3, the fixed cost allocation model is proposed. In Section 4, the proposed approach is applied for a real case study of fixed cost allocation of a car manufacturer among its dealers. Finally, conclusions are given in Section 5.
II. PRELIMINARIES
In this section, firstly, we propose a DEA common-weight evaluation approach for evaluating the DMUs. Then, we introduce the fixed cost allocation possibility set under the DEA common-weight evaluation framework. Additionally, based on the fixed cost allocation possibility set, we give the definition of utility of the DMUs to a set of fixed cost allocation results.
A. DEA COMMON WEIGHT EVALUATION
Assume that there are n DMUs that need to be evaluated, and in each DMU, m inputs are used to produce s outputs. The input and output of the each DMU j is denoted as x ij (i = 1, . . . , m) and y rj (r = 1, . . . , s), respectively. Then, according to Charnes et al. [1] , the efficiency of a DMU j can be calculated as the following (1) .
In (1), u r (r = 1, . . . , s) and w i (i = 1, . . . , m) are the multipliers attached to the outputs and inputs of DMU j, respectively. Then, the common weights possibility set can be defined as the following (2) in DEA.
As can be seen in (2), when selecting the set of common weights for evaluating the DMUs. The set of common weights should keep all the DMUs' efficiencies no larger than 1. To select a suitable set of weights from the common weight possibility set for evaluating the efficiencies of the DMUs. Here, we propose the following model (3). 
As can be seen in model (3), we maximize the minimum common-weight efficiency among all the DMUs when selecting the set of common weights for efficiency evaluation of 
As can be seen from model (4), we add a new constraint n j=1 w i n j=1 x ij = n in the model to avoid trivial solutions. Model (4) is a non-linear programming problem which cannot be solved directly neither. But in Section 3, we will give an Algorithm 1, and similar to which this model can be solved linearly.
By solving the model (4), we can obtain the optimal solution u * r , w * i , ∀r, i . Then, the optimal common-weight efficiency of each DMU j can be calculated as the following (5).
B. COMMON WEIGHTS AND FIXED COST ALLOCATION POSSIBILITY SET
In this paper, we consider the situation in which the fixed cost to be allocated is regarded as a complement of one of the current inputs (denoted as x mj for DMU j) in the production. Assume that a fixed cost R needs to be allocated among all the n DMUs. Then, each DMU j is allocated with a non-negative amount r j where n j=1 r j = R. Based on the above introduced common-weight framework, we give the common weights and fixed cost allocation possibility set as the following set P.
In (6), E * j is the optimal common-weight efficiency of DMU j obtained by model (4) . As can be seen from (6), when making fixed cost allocation among the DMUs, firstly, we ensure that all the DMUs' common-weight efficiencies are no larger than 1. Secondly, in the second constraint group, we ensure that the new common-weight efficiency of each DMU, after the fixed cost allocation, is no smaller than its previously obtained efficiency before the fixed cost allocation. This is a reasonable principle because every DMU has the reason to maintain its own efficiency in the fixed cost allocation procedure. Thirdly, in the last constraint group of (6), we impose a constraint to the allocated fixed cost of each DMU to ensure that the allocated fixed cost to each DMU should account no larger than αx mj n j=1 x mj of the total fixed cost. In these constraints, α is a parameter which is assigned as 2 in this paper. It should be noted firstly here that it is reasonable to set an upper bound for the allocated fixed cost of each DMU since every DMU has the intention of refusing a very large allocated fixed cost. Secondly, a proper allocation solution is With respect to fixed cost allocation possibility set P, we give the following Theorem 1.
Theorem 1: The common weights and fixed cost allocation possibility set P is always feasible.
Proof: Assume that the optimal solution of model (4) 
It is easy to verify that u r , w i , r j , ∀i, r, j satisfies all the constraints in P. Therefore, we have that u r , w i , r j , ∀i, r, j is always to P which indicates that P is always feasible. Q.E.D.
From Theorem 1, we know that we can always obtain feasible fixed cost allocation results although we have incorporated the principle that all the DMUs efficiencies will be no smaller than their efficiencies before the fixed cost allocation, respectively. In (6), we can see that it contains non-linear constraints. Here, we letr j = w m r j . Then, the P can be transformed into the following P T .
It can be seen from (7) that all the constraints in it are linear constraints. This ensures that the models to be proposed in the following parts, which contains the constraints in (7), can be easily solved. Additionally, it should be noted here that we only consider the situation in which the weight assigned for the allocated fixed cost is larger than zero, i.e., w m > 0. This is reasonable because in common-weight evaluation framework, an input or output factor assigned with the weight zero VOLUME 7, 2019 indicates that the factor makes no affection on the efficiencies of all the DMUs and that the factor should be removed from the evaluation system.
C. THE UTILITY
From each DMU's individual perspective, when making fixed cost allocation among all the DMUs, it can select the set common weights and fixed cost allocation result that obtains itself the highest common-weight efficiency (i.e. the upper common-weight efficiency goal) using the following model (8) .
As can be seen from model (8), we have replaced the constraint n j=1 w i n j=1 x ij + w m R = n using the constraint m i=1 w id x id +r dd = 1. This will not affect the evaluation results because these constraints are used for avoiding trivial solutions. Model (8) selects the set of common weights and fixed cost allocation result that has made DMU d's common-weight efficiency the maximum. Therefore, this set of common weights and fixed cost allocation result gives it the highest utility in the fixed cost allocation process. However, it is reasonable that this set of fixed cost allocation and common-weight evaluation result may not be accepted by all the DMUs since model (8) considers only the utility of one DMU when making fixed allocation and common weights selection for the DMUs.
When making fixed cost allocation and select common weights for efficiency evaluation of the DMUs, the selected results should be acceptable to at least one of all the DMUs. So, we can give the lower bound of common-weight efficiency to each DMU j as the following (9) .
In (9), u * rd , w * id ,r * jd , ∀i, r, j is the optimal solution of model (8) corresponding to DMU d. Based on the upper and lower common-weight efficiency bounds of each DMU j, we give the following Definition 1 to define the utility of it to a set of common weights and fixed cost allocation result selected from P T .
Definition 1: The utility of DMUj on the set of common weights and fixed cost allocation result u r , w i ,r j , ∀i, r, j selected from P T is defined as
As can be seen from (10) that U j ∈ [0, 1], if the selected set of common weights and fixed cost allocation obtains for DMUj its upper common-weight efficiency goal, i.e. DMU j's common-weight efficiency has been improved to the possible optimal level after the fixed cost allocation and common-weight evaluation process, then U j = 1. If the selected set of common weights and fixed cost allocation result generates for DMU j its lower common-weight efficiency bound, then U j = 0.
We should illustrate here that there is the possibility that a DMU's common-weight efficiency keeps unchanged no matter which set of fixed cost allocation result and common weights is selected, i.e., E max j = E min j . For such kind of DMUs, there is no need to consider their utilities in the fixed cost allocation and common weights reselection process since their efficiencies are invariable to any feasible solution in P T . But it can be noted that such kind of DMUs barely exist in DEA common-weight evaluation framework in practical applications.
III. THE FIXED COST ALLOCATION MODEL BASED ON UTILITY
In this section, we will give a max-min model for allocating the fixed cost among all the DMUs from a centralized point of view. Then, an algorithm is presented to solve the given model linearly.
A. THE MODEL
We believe that the fixed cost allocation model should consider the utilities of all the DMUs. In additional, it is also reasonable that the variances among the utilities of the DMUs should not be very large. This is because large variances among the utilities of the DMUs will reduce the DMUs' willingness to accept the fixed cost allocation and common-weight selection results, especially for the DMUs with relatively low utilities. Therefore, here we give the model (11) for fixed cost allocation and common weights selection of the DMUs. 
As can be seen in model (11), it maximizes the minimum utility among the DMUs when making fixed allocation and common weights selection. Therefore, model (11) can be seen as a model which maximizes all the DMUs' utilities when making fixed cost allocation and selecting common weights for the DMUs. Model (11) 
Note that we have replaced the constraint m i=1 w i ( n j=1 x ij )+ w m R = n using the constraint
This replacement is to facilitate the algorithm to be proposed. As mentioned before, this will not affect the evaluation results since these constraints are used for avoiding trivial solutions.
Definition 2:
The new common-weight efficiency of DMU j is defined as (13) where U * , µ * r , w * i ,r * j , ∀i, r, j is the optimal solution of model (12) .
B. AN ALGORITHM TO SOLVE MODEL (12) LINEARLY
However, it can be seen that model (12) is still a non-linear programming problem. However, whenU is known, model (12) becomes a linear program problem. That is to say model (2) can be regarded as a linear program parameterized with U. Then, the problem is to find the smallest U such that there is feasible solution to the model. This feasibility checking problem can be formulized as the following linear program problem F (U ).
It is easy to see that the constraints in model (14) is equivalent to those in model (12) . From the first and fifth constraint groups, we know that F * (U ) ≤ n, for any U ∈ [0, 1]. Furthermore, it is easy to prove that giving a specified U and solving model (13) , the optimal solution is a feasible solution of model (12), if and only if F * (U ) = n. Therefore, model (12) is equivalent to identifying the smallest U such that F * (U ) = n. Now, we give the following Theorem 2 for the convenience of finding the smallest U .
VOLUME 7, 2019
Theorem 2: Function F * (U ) is non-decreasing with U.
Proof: Consider two values 0 ≤ U ≤ U ≤ 1. It is easy to see that the optimal solution of model (13) when we set U = U is always the feasible solution of model (13) when we set U = U . Therefore, we have
From theorem 2, we know that if we solve model (14) assigning U = U and obtain F * U = n., U is a lower bound of the optimal U * of model (12) . Else if we obtain F * U ≤ n., model (12) is not feasible with such U and U is the upper bound of U * . From this observation, the dichotomy method can be incorporated to build an algorithm for finding the optimal solution and optimal U * for model (12) based on model (14) . The main idea of the algorithm is to halve the width of the possible range of U * until the range reaches to a sufficiently narrow space. The detailed algorithm is as follows.
Algorithm 1

Begin
Step 1:
Step 2: Solve model (14) with U = U µb + U lb and obtain the optimal solution µ r , w i ,r j , S j , ∀i, r, j and the optimal objective function value F * U . If F * U = n,
Step 3: If U µb − U lb ≤ ε, stop and give U * , µ * r , w * i ,r * j , ∀i, r, j as the optimal solution of model (12) . If U µb − U lb > ε, go step 2. End
In algorithm 1, ε is a possible small value which is used to control the accuracy of the calculation results. In this paper, we set ε = 0.0001. It should be note here that we assign values to the optimal solution U * , µ * r , w * i ,r * j , ∀i, r, j of model (12) only when we obtain F * U = n. This is because the solution U , µ r , w i ,r j , ∀i, r, j of model (14) is not the feasible solution of model (12) when we obtain F * U < n while the solution U , µ r , w i ,r j , ∀i, r, j becomes the feasible solution of model (12) when we have F * U = n.. Also note that we start the algorithm with U lb = −0.01 but not with U lb = 0. This is because that we will obtain F * U = n in at least one literation of the algorithm so that the optimal solution U * , µ * r , w * i ,r * j , ∀i, r, j of model (12) can be assigned with value.
Additionally, the convergence of this algorithm can be easily identified because it is on the base of the dichotomy method. It will not take long to solve model (12) using this algorithm; we need to run the linear programming model (14) 1 times before we obtain the results that with the error no more than 1 2 14. Finally, it can be seen that the non-linear constraints in model (4) is similar to those in the model (12) . Therefore, the mechanism of Algorithm 1 can also be used for solving the proposed common-weight evaluation model (4) .
Another commonly considered problem in fixed cost allocation research is that the allocating result may not be unique. This may result in the situation that the DMUs are unwilling to accept an arbitrary allocating result. Actually, our method automatically guarantees the uniqueness of the optimal solution because the objective function is not parallel with any constraint in model (14) . Therefore, our method finally obtains a unique set of optimal fixed cost allocation result, which makes it more convincible to the DMUs.
Lemma 1: The set of optimal utilities {U * 1 , U * 2 , . . . . . . , U * n } of the DMUs constitutes a Pareto-optimal solution.
Proof: This lemma can be easily obtained because of the uniqueness of optimal solution of model (12) and its objective of maximizing the minimum utility among the DMUs. Q.E.D.
Lemma 1 shows the set of optimal utilities of the DMUs constitute Pareto-optimal solutions. This will make the fixed cost allocation and common-weight evaluation more acceptable to all the DMUs because no DMU can improve its utility while keeping all the DMUs' utilities at this current optimal level.
IV. APPLICATION
In this section, we applied the proposed approach for allocating advertising expenditure among the dealers of a car manufacturer [26] . In this case study, a car manufacture needs to allocate its exceeded advertising expenditure (5,000,000 yuan) among 17 city dealers (DMUs) in the year 2005. For each city dealer, it has three inputs and one output. The detailed input and output are listed as follows.
Input X1: Fixed assets (10,000 yuan); X2: Area for sale (m 2 ); X3: Salesman income (10,000yuan); Output Y1: Sales revenue of the year (10,000 yuan); In this case, the exceeded advertising expenditure is combined with the input salesman income into a single cost input called sales expenses. Now we give the input and output data of the 17 dealers (DMUs) in Table 1 .
We evaluate the DMUs using the proposed common-weight evaluation model (4) and obtain the common-weight efficiencies (E * j ) of the DMUs which are listed in the second column of Table 2 . Further, we use model (8) to calculate the upper and lower common-weight efficiencies (E max j and E mix j ) for the DMUs which are listed in the third and fourth columns of Table 2 respectively.
From the evaluation result in Table 2 , we have the following conclusions. Firstly, for each DMU, the upper and lower common-efficiency scores are larger than that of the common-weight efficiency before fixed cost allocation. This indicates that the fixed cost allocation and efficiency reevaluation have the ability of improving the efficiency scores of the DMUs. It is also consistent with the Theorem 1 and our setting in the common weights and fixed cost allocation possibility set that the efficiency score of each DMU after fixed cost allocation should be no smaller than its previous efficiency score without allocating the fixed cost. Secondly, we can see that only one DMU's (Wuhu) efficiency score keeps unchanged (its upper common-weight efficiency equals to its lower common-weight efficiency) in the fixed cost allocation and efficiency reevaluation process. Therefore, in the following fixed cost allocation and efficiency reevaluation process, we will not consider the utility of this DMU.
Then, we make the fixed cost allocation and reevaluate the efficiency for the DMUs. The optimal fixed cost allocation results r * j , ∀j , the optimal utilities (U * j , ∀j, E max j = E min j ), and the new common-weight efficiencies (E N * j , ∀j) of the DMUs are listed in the second, fourth and fifth columns of Table 3 respectively. We also listed the fixed cost allocation Table 3 to make the comparison.
As can be seen from the fixed cost allocation results, firstly, similar to Li et al.'s approach, our approach allocates the dealers in Hefei, Huainan, Ma'anshan, Wuhu, and Tongling with higher fixed costs than dealers in other regions. As mentioned in Li et al.'s study, the dealers in these cities generally have larger sales revenue, which indicates that these dealers obtained more benefits from the advertisements thus need pay more for the advertisement. In addition, for each DMU (except Wuhu whose efficiency is invariance), its new common-weight efficiency is higher than its previous common-weight efficiency. This shows that almost all the DMUs have benefited from the fixed cost allocation and efficiency reevaluation process in improving the performance. What is interesting, except Wuhu, the other DMUs' optimal utilities are equal with each other and they are all 0.2946. This result validates the fairness of our fixed cost allocation result because it brings the same level of utility to the DMUs whose utilities need to be considered in the fixed cost allocation and efficiency reevaluation process. Furthermore, compare the fixed cost allocation results of our approach and Li et al.'s approach, we find that for most of the DMUs, the allocated fixed costs in these two results does not very much. However, for the DMU like Wuhu, our approach allocates it the fixed cost of 92.8294 while Li et al.'s approach allocates 38.1350. These two allocation results have large differences. Then we look into the salesman income and sales revenue of the dealer in Wuhan. It shows that this dealer has the largest sales revenue while its salesman income (investment in sailing the products) ranks in the third among all the DMUs. Therefore, it is reasonable for our approach to allocate this dealer (Wuhan) with relatively high fixed cost. Additionally, our approach maximizes all the DMUs utilities and guarantees the Pareto optimality of the optimal utilities, which gives the DMUs more motivations to accept our fixed cost allocation result. Finally, to show the calculation process of the proposed algorithm, we give the following Figure 1 to show the details.
It can be seen from Fig. 1 that in each iteration of the algorithm, the possible range of the max-min utility among the DMU is halved. The values of the upper and lower bounds of utilities get closer and closer with the process of the algorithm. Finally, when the range of U * reaches to a sufficiently narrow space, the algorithm converges and the optimal solution then is obtained.
V. CONCLUSIONS
In this paper, we proposed a new fixed cost allocation approach under the DEA common-weight evaluation framework. Firstly, we gave a common-weight evaluation method. Additionally, we presented the concept of utility of each DMU to a set of fixed cost allocation and common weights selection result. Furthermore, based on the utilities of the DMUs we proposed a max-min model which can be used to maximize the minimum utility among all the DMUs. Then, an algorithm was given to solve the max-min model linearly. Finally, the proposed approach was applied in a real fixed cost allocation application and compared with the previous study.
Our research has brought at least three advantages in DEA fixed cost allocation studies. Firstly, the concept of utility of each DMU to a set of fixed cost allocation and common weights selection result was incorporated into the fixed cost allocation model, and the minimum utility among all the DMUs were maximized. Secondly, our approach guarantees the uniqueness of the optimal fixed cost allocation result. Finally, the utilities of the DMUs constitute a Pareto optimal solution which makes the result more acceptable to all the DMUs.
Two further research directions can be drawn from this study. Firstly, we consider the fixed cost allocation from the centralized point of view in this paper. Further research may consider to incorporate game theories into the fixed cost allocation study to shown the game process among the DMUs. Secondly, further researches can also consider the complicate inside structures of the DMUs and to do fixed cost allocation research combing with the network DEA. 
